We study heat transport in a one-dimensional inhomogeneous quantum spin 1/2 system. It consists of a finite-size XX spin chain coupled at its ends to semi-infinite XX and XY chains at different temperatures, which play the role of heat and spin reservoirs. After using the JordanWigner transformation we map the original spin Hamiltonian into a fermionic Hamiltonian, which contains normal and pairing terms. We find the expressions for the heat currents and solve the problem with a non-equilibrium Green's function formalism. We analyze the behavior of the heat currents as functions of the model parameters. When finite magnetic fields are applied at the two reservoirs, the system exhibits rectifying effects in the heat flow.
INTRODUCTION
In the last decade there has been a renewed interest related to the research of thermal transport in onedimensional magnetic systems 1, 2 . Most of these studies have been motivated by unusual high values of thermal conductance of some materials, as for example reported in Ref. 3 . From the theoretical side, several works calculating and discussing thermal conductivity in different model Hamiltonians have also appeared 4 , 5 . On the other hand, spin Hamiltonians provide the natural scenario to implement quantum computation. This motivated interesting proposals of a variety of physical systems, like arrays of quantum dots, optical lattices and nuclear magnetic resonace experiments which are architectured to effectively behave like one-dimensional spin systems.
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Most of the theoretical studies on heat transport in spin systems are performed within the linear response regime, assuming a very small temperature gradient ▽T , and using a Kubo formula. Altough this formula is widely used in calculating thermal transport properties it has several conceptual difficulties, particularly if ▽T is not small 2, 7 . The thermal averaging assumes a constant temperature, and (as in all Kubo formulas), the time dependence is governed by the total Hamiltonian H = H 0 +H ′ , including the perturbation H ′ ∼ ▽T , while the thermodynamic averaging is done with H 0 , assuming a fast evolution. For finite ▽T the separation of H into an unperturbed part H 0 and a perturbation H ′ is in principle ambiguous. On the other hand, real experiments are performed by coupling the system under study to macroscopic systems with well defined temperatures that act as reservoirs. Therefore, it seems desirable to develop alternative approaches designed to treat systems out of equilibrium. Important progress has been achieved by studying the properties of non-equilibrium steady states of XX and XY chains within an algebraic setting which allows one to obtain explicit analytical expressions for different quantities such as entropy production 8 . Recently, the usefulness of Kubo formula for the investigation of heat transport in quantum systems has been discussed 9 and the investigation of energy transport through spin systems beyond Kubo formula has been addressed on the basis of master equations and quantum Monte Carlo methods.
10 Nevertheless, it is not clear how to extend these ideas to more general situations.
In this work we address the problem of thermal transport in one dimensional magnetic systems from a different perspective. We study a problem that to the best of our knowledge has not been considered yet. We study the heat flow through a spin chain heterostructure, which we generically define as a set of finite or semi-infinite spin chains attached by their ends. Each piece of the heterostructure can be in principle described by a different Hamiltonian. For definiteness, we shall consider in this work a finite central system connected to two (left and right) semi-infinite chains, with a finite temperature difference between them 10, 11 . This problem is the thermal analog of electronic transport through mesoscopic structures, nanodevices or molecules connected to conducting leads with a finite applied bias voltage, a subject of intense research in recent years. In fact, this type of set-up is the common situation found in the study of charge transport in electronic systems, where a central system is connected to charge reservoirs that also act as thermal baths. This is the basis of the "Landauer" approach, which is one of the most common frameworks to study transport properties of meso-and nano-devices in the last years.
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In addition, as it is well known, one-dimensional spin 1/2 systems can be mapped, via the Jordan-Wigner transformation to fermionic systems. Thus, the model under investigation is equivalent to an electronic heterostructure where very well established techniques, as the Schwinger-Keldysh non equilibrium Green's functions method can be applied 13 . We focus on a simple device where the central and right parts of the system can be described by XX spin 1/2 chains, and the left part corresponds to an anisotropic XY chain. The Jordan-Wigner transformation maps these models into bilinear fermionic systems, rendering the theoretical study simpler. We show that this simple device presents an interesting physical effect: due to a mechanism reminiscent of Andreev reflections in superconductors, this device could act as thermal diode. This rectifying effect might be useful for applications. We argue that this is a generic feature, which remains valid for anisotropic XYZ models. The paper is organized as follows: in Section II we present the model, and the non-equilibrium formalism based on Green's functions. Section III contains the numerical results. Section IV is a summary and discussion.
II. THE FORMALISM

A. Model
We consider a system of three one-dimensional spin 1/2 chains coupled through their ends as shown in Fig.  1 . The system is described by the following Hamiltonian H = H L + H C + H R + H coup , where
where in the first line, the index α = L, C, R (left, center, right) labels the different chains. Each chain is characterized by its nearest-neighbor exchange J α , with anisotropy λ α for the ratio of the interaction along the y direction with respect to that along x, and the magnetic field B α applied along the z direction. The isotropic case for a given chain corresponds to λ α = 1. The Hamiltonian H coup describes the coupling between the central chain, and the left and right ones. In terms of the representation for the spin operators: S ± = S x ± iS y , the above Hamiltonian reads
For the isotropic case, λ α = 1 only the flip-flop terms with products of one raising and and one lowering spin operators survive.
We now introduce the Jordan-Wigner transformation to map the spin 1/2 Hamiltonian into a fermionic Hamiltonian through: S where
Therefore, in the language of fermionic operators, the Hamiltonian contains "normal"terms, with a creation and a destruction operator, as well as "anomalous" terms, with two creation or two destruction operators. The normal ones are a hopping term between nearest neighbors (w α ), which is originated in the flip-flop spin terms and a chemical potential (µ α ) coupled to the fermionic density, which comes from the magnetic field pointing along the z-direction. The anomalous terms (∆ α ) are similar to those of a one-dimensional Hamiltonian with a gap function with p-wave symmetry, decoupled in the Bardeen-Cooper-Schrieffer (BCS) approximation and are originated by the anisotropy between the X and Y exchange interaction.
Inspired in this analogy, we focus our study on a junction between a chain with isotropic interactions (XX spin chain) and an anisotropic one (XY spin chain), which in the fermionic language is similar to a normalsuperconductor junction. Such a situation is realized in a configuration with λ R = λ C = 0 and λ L = 0. We also assume that the left and right chains are at temperatures T L and T R respectively and they are both of infinite length( N L → ∞ and N R → ∞)
B. Energy balance
A consistent procedure to define an expression for the heat current from first principles, is to analyze the evolution of the energy stored in a small volume of the system and derive the corresponding equation for the conservation of the energy.
14 For the present Hamiltonian we choose an elementary volume containing two nearestneighbor positions of the chain. We place the volume enclosing the sites l, l + 1 within the central (XX) chain, which in the fermionic language contains only normal terms. We work in units where = 1. The equation for the conservation of the energy enclosed by this volume is
where J Q l,l+1 is the heat current flowing from l to l + 1, which in the present setup coincides with the energy current. Its explicit expression is obtained from the evaluation of the above commutator, which gives (5) where ε C l,l ′ denotes the matrix element l, l ′ of the Hamiltonian H C . In order to evaluate the above current it is convenient to introduce the lesser Green's functions
thus
The lesser Green's functions are one of the basic elements within Keldysh non-equilibrium Green's function formalism 13 . They are evaluated by solving the equations of motion (Dyson's equations), which for our model can be written as follows
for coordinates l, l ′ lying within the central chain. We have used the stationary property of the system, as a consequence of which the Green's functions depend on the difference t − t ′ , which allows us to transform:
. Thus, using the above equation in Eq. (7) the energy current can be also expressed in the following way
However Re{G < j+1,j+1 (ω)} = 0. Thus, the heat current reduces to
Similarly, if we evaluate the heat current through the contacts L − C and C − R, we find
C. Solving Dyson's equations
In order to evaluate G < and the heat current we follow a treatment close to that presented in Ref. 15 . We define the retarded "normal" and "Gorkov" Green's functions
Before writing down the Dyson's equations satisfied the these "full"Green's function let us define the following "free"particleĝ 0 α (ω) and holeĝ
with η = 0 + . From now on we will work in Fourier space and we will not write explicitly the ω dependence of Green's functions unless necessary. For the left chain, we also define
We also introducê
Here ε α l,l ′ and ∆ αl,αl ′ are matrices defined on the coordinates of the chain α = L, C, or R, containing respectively, the normal and anomalous elements of the Hamiltonian. In the case we are studying only∆ L is non-vanishing.
To obtain these Green's functions, we write the following Dyson's equation which relate them with Green's functions of the "disconnected" chainsĝ 
The matrixŴ =Ŵ L +Ŵ R contains the matrix elements of H cont describing the connections between the central and left parts and between the central and right parts.
The above equations can be rewritten in a more convenient form by recourse to the following procedure. From Eq. (17)F
Substituting (18) in (16) and (19) in (17) one obtainŝ
Let us now consider Eq. (20) for the following particular coordinates
Substituting Eqs. (23) and (24) in Eq. (22) it is easy to see that the Dyson's equation for the two indices corresponding to coordinates of C can be written as follows
where the matrices of the above equations have sizes N C × N C and elements corresponding to the coordinates of the central chain. The "self-energy" matrices are
The explicit expressions for these functions imply the evaluation of all the functions appearing in the right hand sides of (27) . Notice that these functions have been defined from manipulations of the Dyson's equations corresponding to H L or H R isolated from the central chain.
We indicate a procedure for the calculation of these functions in appendix A. Note also that since the right and left parts of the system are held at two different but constant temperatures, these Green's functions can be calculated at equilibrium. The advantage of the above representation becomes clear by writing (26) aŝ
and substituting it in (25). The result leads to the solution of the retarded normal Green's function within Ĉ
The results obtained so far correspond to the retarded Green's functions and self energies. The lesser Green's function with coordinates within C can be easily obtained by recourse to Langreth rules 16, 17 . In particular one obtains
where the advanced Green's function is obtained from the retarded one, by means of the relationĜ
and the lesser component of the "self-energy" iŝ
The Fermi functions f α (ω), with α = L, R depend on the temperatures T L and T R of the left and right chains respectively: f α (ω) = 1/(1 + e ω/Tα ), in units where k B = 1.
Finally, the lesser counterparts of Eqs. (23) and (24), which correspond to Green's functions with one of the coordinates in the central (C) chain and the other one in the left (L) or right (R) chain, can be calculated by recourse again to Langreth rules
D. Heat currents and transmission functions
We focus on the expression for the heat current evaluated in the contact between the central chain C and R given in Eq. (11) . Using Eq. (33) one obtains
Using (30) and after some algebra (see Ref. 15) , it is found
where
The difference of Fermi functions in the expression of J Q , reflects the fact that the existence of a non-vanishing heat current through the central system depends on the existence of a difference of temperatures between the left and right chains. The details of the model are enclosed in the behavior of the "normal" and "anomalous" transmission functions T n (ω) and T a (ω), which are analogous to those defined in Ref. 15 in the context of particle transport in a setup with normal and superconducting wires. The first function has, in fact, the structure of a transmission. Notice that it depends on the densities of states of the right and left chains through the functions Γ R and Γ ef f L , and one the particle propagator between the first and last points of the central chain. Instead, T a (ω) actually has the structure of a reflection process. Notice that it depends on the density of states for particles and holes of the right reservoir and on a multiparticle propagator Λ R N,N at the last point of the central chain. Typical plots for these functions are shown in Fig.  2 . These functions do not depend on the temperatures T L and T R and are non-vanishing only within a finite range of energies of a width that is set by the largest exchange parameter between the left, right and central chains. These functions are symmetric with respect to ω = 0 for B L = B R = 0 (see Fig. 2 ). This symmetry is broken for finite B α , since the effect of a finite magnetic field in one of the side chains is to shift the corresponding function as Γ
In the language of fermionic systems, two different kinds of processes take place in a normal-superconductor junction. For energies higher than the gap, the transport is due to the tunneling of normal single particle high-energy excitations. This mechanism contributes to the electronic transmission function T n (ω). Instead, for low energies, below the gap, the transport is due to the mechanism known as "Andreev reflection", which implies the combination of two fermions of the normal side into a Cooper pair within the superconducting one, leaving a hole that is reflected back from the junction into the normal side. Because of this mechanism, T n (ω) ∼ T a (ω) ∼ 1 for energies within the superconducting gap, i.e. |ω| ≤ ∆ L . The effective conversion of electrons into Cooper pairs taking place in the mechanism of Andreev reflection helps to partice transport. Mathematically, this is reflected by the fact that the total particle transmission function is T n (ω) + T a (ω).
15,18
Instead, in the case of heat transport, T a (ω) and T n (ω) contribute with opposite sign, as explicitly shown in Eq. (35), i.e. the mechanism of Andreev reflection, plays a negative role regarding the heat transport. The consequence is a vanishing heat transport due to excitations within the energy window defined by the superconducting gap.
In the original language of interacting spins, the above picture translates as follows. Low energy spin excitations traveling from the isotropic chain via flip-flop processes in the z direction meet an energy gap at the other side of junction due to the anisotropic interaction which tends to favor flip-flop processes in a different direction. This favors the simultaneous raising or lowering of two spins at two neighboring positions of the chain and causes multiscattering processes in which a portion of the incident spin wave packet manages to twist and propagate into the other side, at the same time that a portion becomes reflected and propagates back. We can describe the behavior of J Q for low T and small temperature gradients δT as follows. Writing T R = T and T L = T R + δT we can approximate the difference of Fermi functions in Eq. (35) as
On the other hand, from Fig. 2 , we can write,
leading to,
For low enough temperatures, T ≪ 2∆ L ≪ 2J, this expression can be further approximated as,
Therefore, for T < ∆ L , the heat current is exponentially small.
On the other hand, for ∆ L = 0, the behavior of the J Q is fully due to normal tunneling. For low T we can perform a Sommerfeld expansion on the Fermi function to get
III. RESULTS
In this section we discuss the behavior of the heat current as a function of the different ingredients of the spin system. For simplicity, we consider identical exchange parameters along the left, central and right chains:
Without loss of generality we set J = 1. Thus, we focus on a spin heterostructure with a single junction between a semi-infinite XX and a semiinfinite XY chain, which in the fermionic language translates to a single S-N junction. For this particular configuration, our results do not depend on the length of the central chain.
As discussed in the previous subsection, the structure of the expression (35) for the heat current clearly reflects the fact that for small temperature differences, we obtain a behavior of the form
where the coefficient K can be interpreted as a thermal conductance. It is tempting to relate this coefficient with the conductivity κ evaluated in several works on the basis of linear response theory. If we assume that the relation between the two coefficients is similar to the one between electrical conductance and electrical conductivity, K and κ should differ just by a geometrical factor. However, to the best of our knowledge, a rigorous relation between these two coefficients has not been presented in the literature. Nevertheless, the behavior of K as a function of T shown in the left upper panel of Fig. 3 for the case of two connected XX chains (see the plot corresponding to ∆ L = 0) is similar to the one reported in the literature for homogeneous and isotropic chains 3 , 4 , 5 . In this case, the anomalous component is zero and K increases linearly in T for low temperature [see Eq. (43) end of the previous section. The conductance reaches a maximum at T ∼ J. and decreases at higher temperatures, as a consequence of the finite bandwith (energy window) for the spin excitations amenable to cross the central chain transporting energy from one side to the other one. As expected, for a fixed temperature K decreases for increasing values of ∆ L . In agreement with the behavior discussed in the previous section, K is exponentially small for T < ∆ L [see Eq. (40)], For higher temperatures, the high energy excitations are allowed to perform tunneling above the energy gap, with the concomitant increase of K. As in the case with ∆ L = 0, the maximum is achieved at T ∼ J. We also evaluate the specific heat for the equilibrium central system in contact to the side chains at the same temperature T as follows:
In a normal metallic system as described by Drude model, this quantity is related to the thermal conductivity through κ = vlC/3, being v the Fermi velocity of the electrons and l their mean free path 19 . We plot this quantity in the right upper panel of Fig. 3 . This physical quantity is almost insensitive to the opening of the energy gap and the different plots, corresponding to different values of ∆ L almost coincide within the scale of the figure. From the lower panel of Fig. 3 we see that while for high temperatures there is a linear relation between K and C, this is not the case at lower temperatures where Andreev type processes are relevant.
As stressed before, our calculation is not restricted to small temperature gradients. We show in Fig. 4 a plot of the heat current for several values of the anisotropy parameter ∆ L as a function of the temperature of the left chain while the temperature of the right chain T is set fixed to zero. The figure clearly shows the suppression of the current as a consequence of the "Andreev reflection "phenomena mentioned before. In fact for T < ∆ L the current is exponentially small, while it grows for higher temperatures. Finally, in Fig. 5 we illustrate the behavior of the heat current when finite different magnetic fields are applied at the two side chains. The effect of applying magnetic fields at both sides of the junction leads to a interesting effect which me name "thermal diode effect". As discussed in the previous section, a finite magnetic field originates a shift in the arguments of the functions Γ 
and (T R = T ,µ R = µ), which means that the device is more likely to conduct heat when the temperature difference is applied in one direction than in the other. We display the phenomena for two different values of ∆ L . We show the current when (µ L = 0.3, T L = T, µ R = 0, T R = 0) with dots and the current when (µ R = 0.3, T R = T, µ L = 0, T L = 0) with a full line. When the value of ∆ L = 0.2 both currents are rather large and similar but when ∆ L = 0.75 the currents are smaller and clearly different.
IV. SUMMARY AND DISCUSSION
We have presented a theoretical framework to study heat transport in one-dimensional spin heterostructures.
In the present work we have focussed on a simple system composed of a junction between an anisotropic (XY) and an isotropic (XX) chain under the effect of an inhomogeneous magnetic field along the z direction. Using the Jordan-Wigner transformation to map the problem into a fermionic system and using the non equilibrium Keldysh-Schwinger formalism we have obtained exact expression for the heat current in terms of Green's functions of the "disconnected" spin chain components. The resulting expressions can be evaluated numerically in a simple way. In the limits ∆ L ≪ T ≪ J and T ≪ ∆ L ≪ J explicit analytic expressions can also be given. We have studied the heat transport as a function of the different parameters of the model and we have shown that when different magnetic fields are applied at the end chains, a rectifying effect in the heat current occurs. This effect might be of interest for applications. Its origin can be traced back to the appearance of paring terms induced by the anisotropy parameter, which are in turn responsible for an Andreev reflection type mechanism. In this work we have analyzed a simple model. However this methodology can be straightforwardly extended to more complex structures with many junctions and disorder. Our treatment relies on the Jordan-Wigner transformation which maps the original spin Hamiltonians into fermionic ones. In the case we have considered, the latter are bilinear. In more generic models, although we expect the rectifying effect still to be present, the technical analysis could be more complicated. For instance, in the isotropic Heisenberg model, which in addition to the exchange interaction along x and y directions, contains an additional exchange term along the z direction, the Jordan-Wigner transformation translates such a term into a many-body fermionic interaction, which does not enable a straightforward analytical solution of the problem, as in the case we considered here. Nevertheless, the Green's function formalism offers a framework for the construction of systematic approximations to treat those terms. Numerical methods could also be useful to deal with models containing many-body terms. 22 As in electronic systems, many-body terms are expected to introduce further inelastic scattering processes, which could add further ingredients in addition to the transport mechanisms we have discussed here. We hope to report on some of these issues in future work. In this appendix we show a derivation of the Green's functions entering Eq. (27) , which correspond to the end of a half infinite chain with p-wave superconductivity in the BCS approximation. Making the superconducting parameter ∆ L = 0, the first two Green's functions give the corresponding result for the normal chain g 0 R,1,1 (ω) and g 0 R,1,1 (ω) respectively. The Green's functions of the open chain can be solved considering a ring of N sites, periodic except for the fact that the energy at one site (which we label as site 0) is increased by an energy A, and then taking the limit N, A → +∞. The Hamiltonian is
We have solved the problem using two different methods: i) solving the equations of motion in Fourier space, and ii) solving a Dyson's equation that relates the above Green's functions to those of the periodic chain (A = 0) which can be obtained easily using Bloch theorem. Both results of course coincide, but the latter method involves a simpler algebra. We define a matrix
with the Green's functions for A = 0, and a corresponding matrixg for A = 0. These matrices are equivalent to the ones obtained by using Nambu's representation for the Hamiltonian and the Green's functions. 20 From the equations of motion of these Green's functions, one obtains
whereÃ, is proportional to A. Solving Eq. (A3) forG and taking the limit A → +∞ the following expressions result 
where in the second members ω includes an infinitesimally small imaginary part, ǫ k = 2w cos k − µ, and ∆ k = 2∆ sin k.
For N → +∞, the sums can be replaced by integrals. Decomposing the integrands into a sum of simple fractions with denominators linear in cos k and numerators independent of k, the integrals can be evaluated analytically using
where the sign of the root is determined by the sign of the imaginary part of the second member. Defining 
